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Abstl'lld-A theoretical analysis of the peeling of a thin elastoplastic film bonded on an elastic
substrate is presented in this paper. The momenH:urvature relation for pure bending of an elasto­
plastic beam under conditions of plane strain is derived and slender beam theory is used to analyze
the deformation of the adherend. Large deformation finite element analysis is used to study in detail
the stress and deformation fields in the area near the tip of the interfacial crack. An analysis of
steady state peeling and a method for the calculation of the work expenditure during steady state
","'Cling are presented. An energy balance is used to relate an experimentally measured peel force to
the s","'Cilic fracture energy.

I. INTRODUCTION

The peel test is a mcchanical test that has been extensively used to measure adhesion
strength. In a peel test. a thin flexible strip that is bonded to a substrate by a layer of
adhesive is pu1lcd apart at some angle to the underlying substrate. The force required to
scparale the adherend from the substrate, ca1lcd the peel force, is related to the adhesion
strength and has been widely used for joint dcsign purposes. Recently, the peel test has
been also used by microelectronics industries to study the adhesion of thin metal films on
dielectric substrates and many studies have been carried out to clarify and define the
mechanisms of adhesion between these two dissimilar materials.

Spies (1953) was the first to present a theoretical analysis of the mechanics of elastic
peeling. He considered the 90" peeling of a thin strip and represented the bonded part of
the strip as an elastic beam on an elastic (Winkler) foundation and the flexible part as an
elastica. Similar elastic models have also been presented by Bikerman (1957), Kaeble (1959,
1960), Jouwersma (1960). Yurenka (1962), Gardon (1963), Saubestre et aJ. (1965), Kendall
(1973), Gent and Hamed (1975), and Nicholson (1977). Chang (1960) used a linear viseo­
elastic model to describe the constitutive behavior of the adherend and presented approxi­
mate solutions for several peeling configurations.

In the absence of plastic dcformation the peel force is a direct measure of the adhesive
fracture energy. However, when plastic deformation takes place one needs to consider the
plastic dissipation as well as the residual strain energy that is left in the adherend in order
to be able to determine the specific fracture energy from an experimentally determined peel
force. Several elastoplastic analyses of the peel test have been presented by Chang et aJ.
(1972), Chen and Flavin (1972), and Gent and Hamed (1977). A numerical solution of the
e1astoplastic peel problem has been given by Crocombe and Adams (1981, 1982) who used
the finite element method to calculate the stress distribution ahead of the interfacial crack.
The importance of the residual strain energy during elastoplastic peeling has been recently
emphasized by Atkins and Mai (1986).

A theoretical analysis of the peeling of a thin elastoplastic film bonded on an elastic
substrate is presented in this paper. In Section 2, the moment-curvature relation for pure
bending of an elastoplastic beam under plane strain conditions is derived. Slender beam
theory is used to study the deformation of the adherend prior to crack propagation in
Sections 3 and 4. Large deformation finite element analysis is used to study in detail the
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stress and deformation fields in the area near the tip of the interfacial stationary crack. A
theoretical analysis ofsteady state peeling is given in Section 5. A method for the calculation
of the work expenditure during elastoplastic peeling is presented and an energy balance is
used to relate the experimentally measured peel force to the specific fracture energy.

2. PURE BENDING OF AN ELASTIC-PLASTIC BEAM

In this section we analyze the behavior of an elastic-plastic beam subject to a pure
bending moment under plane strain conditions.

The uniaxial stress-strain relation of the material is assumed to be of the form

if (1 ~ (10

if(1 ~ (10

where (1 is stress. /'; is strain. E is Young's modulus. (10 is the yield stresss. eo is the yield
strain. and 0 ~ N ~ I. For N == I this relation reduces to the linearly elastic law; at the
other limit N == 0 it describes an elastic-perfectly plastic material with yield stress (10'

The above equation is generalized for multi-axial stress states to

where

a (a C")V- --+-
(10 t10 So

for a~ 0"0 (I)

;; _ (J""<h' )lj~ 1::1' - f'(ZD!'<D!')lil dt,,- 2"1/"// • • - ) 'I Ij
o

(1' is the stress deviator, Dr the plastic part of the deformation rate defined as the symmetric
part of the velocity gradient. and I is time. The von Mises yield condition with associated
flow rule and isotropic hardening is used in the calculations.

Consider the rectangular beam shown in Fig. I, subject to a pure bending moment M.
The width w is assumed to be much larger than the thickness I so that plane strain conditions
prevail. We choose the coordinate axes ~lS indicated and sign conventions so that the
indicated moment and the corresponding curvature arc positive. With the usual assumption
of beam theory that plane sections remain plane and normal to the <.:entral axis, the axial
strain at any point is given by

e == -Kz (2)

where K =dO/ds is the curvature of the middle surface at = = O. 0 being the slope of the
middle surface. The bending moment per unit width of the bcam is given by

f'"M == I- (1= d=
-1/2

(3)

where (1 is the bending stress. For M sutnciently small the strains will be everywhere elastic;
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Fig. l. Beam under pure bending.
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Fig. 2. Moment~urvature relation under plane strain conditions for a rectangular beam (N =0).
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assuming that the material is incompressible (Poisson's ratio v = 0.5) the out of plane
normal stress component is equal to u/2 and yielding first occurs when lui = 2uo/../3 at the
outer fibers of the beam at == ±1/2. The moment and curvature in this case are given by

(4)

As the moment is increased the clastic-plastic interface will approach closer to the center
of the beam. For an clastic-perfectly plastic beam the fully plastic moment per unit width
will be

(5)

In general, during plane strain tension or compression the stress point rotates in stress
space; however for an incompressible material (v = 0.5) this rotation disappears and the
stressing becomes proportional. Using cqns (I )-(3) and introducing the non-dimensional
quantities

m = M/Mo and k = K/K. (6)

we find the following moment-curvature relations for an incompressible material (Fig. 2).

(a) Elastic loading (Q-A)

m = ik. for 0 ~ k ~ I.

(b) Plastic loading (A-B)

m=O-2·:N)~i+2tNkN. for I~k~k".

(c) Elastic unloading (B-C)

(
2 2) I 2 ,,,,= ---- ,.+--k~-j(ko-k)
3 2+N kiJ 2+N

for ko ~ k ~ ko-2k~.

(d) Reverse plastic loading (C-D)

(7)

(8)

(9)
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(
2 2) 1 2 !II' ( 2k~ )3/(I - Nl

m = j - 2+N ki + 2+N ka - j (ka-k) ka-k

for ka-2k~ ~ k ~ -ka• where

and

. _ ( 2k~ )I!(l-Nl

_tAk) - ka-k

(e) Complete reverse plastic loading (D-E)

(
2 2) I 2 !II 2 , (I I )m= --._- -,+----kn+-(kll-k)-jkR -+--
3 2+ N k 8 2+ N 3k J k ~ k J

for -kn ~ k. where

For a non-hardening material which yields in accordance with Tresca's law with
associated now rule. eqns (7)-( II) with N =0 ure still vulid. for uny Poisson's ratio. if All}
and K. in cqn (6) arc replaced by

3. SLENDER BEAM THEORY

Consider the slender beam shown in Fig. 3. Force equilibrium and moment-balance
01'.10 infinitesimal element (Fig. 3) yield

\ J (b)

(a)

Fig. 3. (a) Slender beam; (b) infinitesimal beam element.
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Fig. 4. Schematic diagram of peeling.

dT
--KN=O
ds

dN
-+KT=O
ds

dM
-+N=O
ds

4:!1

(12)

(13)

(14)

where T and N are the axial and shear force per unit width of the beam. M is the bending
moment per unit width of the beam. and .f is the arc length along the beam.

Eliminating N from eqns (12) and (14) we find

dT dM
---+K--=O
ds ds

which yields

T+KM - fM ~~ ds = constant.

[n the absence of initial (residual) stresses in the adherend. K is a function ofs only through
M and the last equation can be written as

T+KM - fM dK = constant. (15)

Consider the deformed configuration of the adherend as shown in Fig. 4. Global
equilibrium requires that

and

T= P cos (t/J-O)

N = P sin (t/J-O)

(16)

(17)

where P is the peel force per unit width of the adherend. and t/J is the peel angle (Fig. 4).
Substituting eqn (16) into eqn (15) and normalizing K and M by Kc and Mo respectively.
we find that
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3'1 cos (t/>-6)+km-fm die =constant

3P 6EPn-----
'j - KeMo - O'~t

(18)

is the normalized peel force.

4. ELASTOPLASTIC ANALYSIS OF THE PEEL TEST

A theoretical analysis of the mechanics of elastic peeling was first presented by Spies
(1953), and similar elastic models have been presented by Bikerman (1957), Kaeble (1959,
1960), Jouwersma (196O), Yurenka (1962), Gardon (1963), Saubestre et al. (1965), Kendall
(1973), Gent and Hamed (1975), and Nicholson (1977). The effects of plasticity were first
considered by Chen and Flavin (1972) and an approximate analysis ofelastoplastic peeling
was presented later by Gent and Hamed (1977).

In the following we analyze in detail the deformation of the adherend for a 900 peel
tcst (¢ = 90°) taking the effects of plasticity into account. The case of a stationary crack is
considered and an elastoplastic analysis of the deforming adherend is presented in Section
4.1. Results of large deform..tion finite element analysis are presented in Section 4.2.

Ste..dy state peel cmck propagation is analyzed in Section 5.

4.1. Elastoplastic analysis of the deforming adherend
Equation (18) c..n be used to determine the profile of the deforming adherend. We

assume that the rcl..tions betwl.'Cn moment and curvature derived in the previous section,
for the case of pure bending, arc approximately valid for the case of the deforming adhercnd
where, in addition to the bending moment, normal as well as shear forces are present.
Experimental data (Kim and Kim, 1986) indicate that for thin copper adherends ofthickness
greater than 100 pm the additional normal and shcar stresses due to the axial and shear
forces are less than 5% of the tensile yield stress which validatcs the above assumption.

For a sutncicntly small peel force the adherend behaves elastically and eqns (7) and
(18) imply that

" sin O+k2 = constant.

For an infinitely long adherend k = 0 at 0 = 1t{2 and the above equation becomes

k = [,,(I-sin 0)] 11 2• (19)

The maximum value of the curvature k is attained at the "basc" of the adhercnd (Fig. 4)

whcre 00 is the base angle of the adherend at the root of the interfacial crack.
The adherend deforms first plastically when km•• = I, or

"=I-sinOB'

(20)

(21)

For higher values of the applied force" part of the adherend deforms plastically. The plastic
zone extends from the base of the adherend. where the strip is attached to the substrate, to
some point A (Fig. 4) which we call the elastic-plastic boundary. Beyond this point the
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adherend deforms elastically. Equation (19) is still valid on the elastic part of the adherend.
whereas eqns (8) and (18) yield

. 4(I-N) 1 6N I+N

" SID 9- 2+N k+(2+N)(I+N)k = constant

for the plastic part. Using the boundary condition k = I at sin 9 = 1-1/" at the e1astic­
plastic boundary the above equation becomes

6N 2+N [ • 2(2N~+3N-2)J 4(1-N)
(2+N)(1 +N/ + 1-,,(I-slO 9)- (I +N)(2+N) k- 2+N = 0

for the plastic part of the adherend.
For the case of a perfectly plastic material (N = 0) eqn (22) reduces to

k = -::---__2---:---:-
3-,,(I-sin 9)

and the curvature k attains its maximum value at the base of the adherend where

(22)

The above equation indicates that a plastic hinge (k = 00) is formed at the base of the
adhcrend when

3,,= --­I-sin 00 '

For values of the applied load greater than this. the adherend will unload elastically with
the plastic deformation localized at the plastic hinge at the base of the adherend.

Summarizing: eqn (19) is valid on the elastic part of the adherend where 0 ~ k ~ I
and 1-1/" ~ sin 0 ~ I. whereas eqn (22) is valid on the plastic part where k ~ I and
sin 00 ~ sin 0 ~ I - I;'"

The profile of the deforming adherend can also be determined. Equations (19) and
(22) provide the curvature k as a function of the slope of the adherend 0 and the applied
load ". Using the relations

ds= dO
Kek(O. ,,)

and

dx = cos 0 ds. dy = sin 0 ds

we find

I 18
cos W

x(O.".Oo) = K k-=--() dw
e " R (1). "

I (8 sin w
y(O.".Oo) = Ke J8

R
k(w. ,,) dw

(23)

(24)



424 K-S. KIM and N. ARAVAS

where the origin of the coordinate system .~-y is taken to be at the base of the adherend.
Equations (23) and (24) are the parametric equations of the deforming adherend. The base
angle OR depends on the "support conditions", Le. on the properties of the substrate as well
as the properties and the thickness of the adherend.

For" :E; 1 the adherend behaves elastically and eqns (23) and (24) can be integrated
to give

x = 2/ [1 -(I-sin 0)112]
KEY '1

=~[I-(1 . 0)112 _I I (J2-l)(J2+(I+sinO)1I2)]
y / + sm + / n (1' il) 1{2 .Key '1 ,,2 -Sin v

In deriving the above equations OR = 0 was used for simplicity.
For '1 ;l!l I the adherend deforms plastically and the curvature k(O,,,) and the profile

of the adherend are, in general. calculated numerically. However. for the case of a perfectly
plastic material (N = 0) and for I ~" ~ 3 a closed-form solution can be obtained; eqns
(23) and (24) can be integrated to give

x =~(sin 0-2+~) sin (}
41.:. 1'/

y:: 4k: [O-Sin 0 cos 0- (2-~)(I-COS O)J

for the el~tstic rart of the adherend. and

'1 (5 )( I) 2[ I . II~Jx=4K; q-I 1-;; +j~ J,,-(I-smO)'

'1 [ . ( I) ( I) I ll~ ( 6)[I lI2JJY=4K. arcsm 1-;; - 1-;; ;;(21'/-1) -- 2-;; 1-;;(2'1- 1)

2 [( 1)1
1
2 1 1 J2+(l +sin 0)1

1
2 (I' 0)112J+ -- 2- - + - n - +smK.J'1 '1 J2 (I-sin O)112(J(2'1)+(2'1- I)112)

for the plastic part, where 80 = 0 is also used.

4.2. Finite element analysis
The geometry analyzed is shown schematically in Fig. 5. The substrate is held fixed

along ABeD and the vertic,,1 displacement of point E of the adhercnd is prescribed. The
geometric dimensions used in our analysis are: a = 100 mm, b = 15 mm, C = d:: 20 mm,
and I = 100 Jtm.

Fig. S. Schcmatic representation of the gcomctry analyzcd.
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The substrate (polyimide) is modelled as an isotropic linear elastic material and the
adherend (copper) is modelled as an elastic-plastic material. The constitutive equations of
the adherend represent the J 2 flow theory and account for rotation of the principal defor­
mation axes

(25)

for plastic loading, and

(26)

for elastic loading or any unloading, where E is Young's modulus, v is Poisson's ratio, 't' is
the Kirchhoff stress defined by

Po
't' =-(1

P

where (1 is the Cauchy (true) stress, Pilip is the mtio of density in the reference state to
density in the current state, D is the deformation rate tensor, (50 is Kronecker's delta

" is the slope of the uniaxial Kirchhoff stress vs logarithmic plastic strain (/:") curve, and
the superposed V denotes the Jaumann or co-rotational stress rate. In eqns (25) and (26),
't' is chosen rather than (1 b~"Cause the finite element formulation leads to a symmetric stilfness
matrix: the difference between the two formulations is, in any case, of order stress divided
by elastic modulus compared to unity (McMeeking .md Rice, 1975).

The governing equations of equilibrium, including the effects of volume change, are
enforced through a variational principle discussed by McMeeking and Rice (1975).

The finite clement method is used to solve the boundary value problem formulated in
this section. The ABAQUS general purpose finite element program (Hibbitt, 1984) is used
for the computations. The analysis is done incrementally using the updated-Lagmngian
formulation of McMeeking and Rice (1975) for large elastic-plastic deformations. The
solution is developed in a series of increments and Newton's method is used to solve the
equilibrium equations at any time. The constitutive equations are integrated in time by the
backward Euler method which is unconditionally stable and produces a symmetric stiffness
matrix (Jacobian) for the overall discretized equilibrium equations.

The finite element mesh used in the region near the interfacial crack tip is shown in
Fig. 6. A total of 1679 nodes and 786 plane strain quadrilateral isoparametric elements with
four stations for the integration of the stiffness matrix are used. The elements used have an

•
Fig. 6. Finite element mesh in the near tip region.
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Abstract-This paper diseusses the optimization of elastic beams under multiple load conditions
and self-weight subject to stress and displacement constraints as well as limits on the cross-sectional
area and its rate of spatial change ("Niordson constraint"). The general formulation allows for the
effect of both bending moments and shear forces on the stresses and deflections. The proposed
method is based on static-kinematic optimality criteria which have been successfully used in optimal
plastic design. In the above approach. the Lagrangian of the equilibrium condition is regarded as
an "associated" (or "Pragerian") displacement field. The gencraltheory is then illustrated with the
eltample of a built-in beam subjected to stress and Niordson constraints; the statical redundancy
of the beam provides a (7.ero) displacement constraint. Allowance is also made for the cost of
clamping momt:nts. Ii is found that. in general. some segments of the beams are "understressed"
and the associated displal."Cment field contains concentrated rotations ("curvature impulses").
Moreover. the solution of this cltample is found to take on a surprising number of different forms.
A beam eltample with allowance for self.weight will be discussed in Part" of this study.

INTRODUCTION

The main aim or this paper is to extend the approach based on static-kinematic optimality
criteria rrom plastically designed beams to elastic beams under a variety or design
constraints. Whereas the idea of optimality criteria in plastic beam design was already used
by Heyman[I] in the 1950s and explored more systematically by Prager and Shield (e.g.
Rer. [2]) in the 196Os, it was employed in elastic beam design only more recently. The
potential complexities or this latter application will be demonstrated through an example
in this paper.

The beams under consideration are horizontal and statically indeterminate. They are
subjected to several alternate vertical load systems besides their own weight (dead load).

In elastic beam design we may consider various design constraints including the
rollowing.

(I) Deflection constraints requiring the deflections at prescribed points not to exceed
specified values.

(2) Stress constraints prescribing the maximum permissible stress values. In calculating
the stresses, the effect or both bending moment and shear rorce on a cross-section may be
taken into consideration.

(3) Constraints on the minimum and maximum cross-sectional area.
(4) "Niordvon constraints" limiting the maximum spatial rate or change or cross­

sectional dimensions. This idea was introduced by Niordson[3,4] in the context or plates
ror which he proposed a restriction on the slope or the plate thickness (or "taper"). As he
correctly pointed out, this type or constraint ensures that the resulting design does not
contain (i) sudden changes in the cross-section and thus satisfies the original assumptions
or the underlying theory (e.g. plate or beam theory); nor (ii) points at which the cross­
sectional area vanishes. The use or Niordson constraints in plastic design was recently
discussed in Rer. [5].

tPresent address: Department of Structural Engineering. Essen University. FBIO. 4300 Essen 1. West
Germany.

SAS l4: 4"A 331
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Fig. 10. Contours of equivalent stress a in the near tip region at a stroke level .1. = 39 mm.

Fig. II. Contours of hydrostiltic stn:s.'1 p = -(1../3 in the neilr crack tip n:gion at a stroke level
.1. = 3')0101.
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Fig. 12. Plot of the normal stress norm:llized by the yield stress of copper along the interface at a
stroke level .1. = 39 mOl. Negiltive .t indicates material points along the interface (Fig. 5).

deforming plastically is shown dark; the maximum extent of the plastic zone beyond the
crack tip is about three times the thickness of the adherend and it occurs on the compressive
side of it.

Figure 10 shows contours of the equivalent stress ij in the near crack tip region and
Fig. II shows contours of the hydrostatic stress p = - au/3 in the region close to the crack
tip at a stroke level ofd = 39 mm. The contours shown in Figs 10 and II show that bending
is the predominant mode of deformation of the 'ldherend and that the effects of the near
tip plasticity arc limited to a very small region ncar the tip of the interfacial crack.

Figures 12 and 13 show the distribution along the interface of the normal and shear
stresses normalized by the yield stress of copper at d = 39 mm. (n Figs 12 and 13. negative
x indicates material points along the interface (see also Fig. 5). The plotted stresses are
obtained from the points of numerical integration just above and just below the interface.
The results clearly show that singular stresses develop at the tip of the interfacial crack.
However. the magnitude of the stresses reduces rapidly and the normal interfacial stress

liAS .u: 4-G
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Fig. 13. Plot of the shear stress normalized by the yield stress of copper along the interface at a
stroke level A = 39 mm. Negative.'C indicates material points along the interface (Fig. S).

changes from tensile to compressive at a distance approximately equal to one third the
thickness of the adherend ahead of the tip and the force couple is generated over a distance
approximately two times the thickness of the adherend ahead of the tip. Similarly the
interfacial shear stress is changing sign at a distance of about half the thickness of the
adherend from the tip. Both the normal and the shear interfacial stresses die out at a
distance about six times the thickness of the adherend from the tip. The above results show
that propagation of the interfacial crack takes place under mixed mode conditions. Recent
experimental studies ofjoint failures (licchti, 1980) show that the energy release mte during
crack propagation controls interfacial fracture. This indicates that the use ofa tot4t1 energy
balance to determine the interfacial fracture strength is more appropriate than any debond­
ing criterion based on the achievement of a critical normal or shear stress at the interface.

We also mention that the finite clement mesh used is quite adequate for the deter­
mination of the plastic zone size and the extent of the regions of intense stressing but it is
not fine enough to allow us to determine in detail the form and the strength of the crack
tip stress singularity. However, as we discuss in Section 5.2. such information is not
necessary for the determination of the fracture energy from an experimentally measured
peel force, if one considers the ncar crack tip plastic dissipation to be part of the fracture
energy.

S. STEADY STATE PEELING

5.1. Elastoplastic analysis oj steady state peeling
In a peel test, once the conditions for fracture initiation are met, propagation of

the interfacial crack takes place and the peel force approaches a steady state value. An
approximate analysis of the steady state elastoplastic peeling was presented by Chen and
Flavin (1972). They assumed that when the plastically deformed adherend is unloaded it
recoils to a circular arc of constant curvature. This implies that reverse yielding does not
take place, i.e. that material points are never loaded beyond point D in the moment­
curvature diagram shown in Fig. 14. Experiments show, however, that after unloading the
adherend recoils to a shape of variable curvature, which indicates the occurrence of reverse
plastic yielding during steady state peeling.

The effects of reverse plasticity are taken into account in our analysis and the con­
figuration of a steady state peel test together with the corresponding moment-curvature
diagram are shown in Fig. 14. As shown in this figure. the adherend is subject to elastic
bending in Q-A, plastic bending in A-B, elastic unloading in B-D, plastic reverse bending
in D-E, and elastic unloading in E-F. If the peel force is removed, the adherend recoils to
a shape with variable curvature indicated by the dashed line in Fig. 14. Section B-D recoils
to a shape of constant curvature equal to that of point C, section D-E recoils to a shape
with a gradually decreasing curvature, and section E-F recoils to a shape of constant
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Fig. 14. Configuration or sleady state peeling and the corrcsIXlnding moment-curvaturc diagram.

curvature equal to that of point F. The change in slope along the adherend from n to F is

dOo I' = i K d.~ ~ KE idS.
o I' 01'

(27)

The above inequality shows that K 1: = 0, because otherwise, for an infinitely long adherend,
the right-hand side ofeqn (27) becomes infinite, implying an infinite rotation orthe adherend
from n to F.

We assume that during steady state peeling the base angle DB and the peel force P
remain constant. As will be shown later in this section, this implies that the curvature of
point B also remains constant and therefore the moment-eurvature relation shown in Fig.
14 does not change during steady state peeling.

In the following we study the deformation of the unattached part of the adherend
during steady state peeling. As for the case of the stationary crack, we ignore the effects of
axial and shear forces and use eqns (7)-(11) to describe the moment-eurvature relations.

For kB ~ I plastic deformation does not occur and the moment is a linear function of
curvature

m = jk.

As for the case of the stationary crack, using eqn (18) and the boundary condition k = 0
at 0 = 1[/2 we find

and

k = [,,( 1- sin 0» 112 (28)

(29)

For 1 ~ kB ~ 2 reverse plastic loading does not occur and points D and E coincide. In
this case, the moment-curvature relation is given by (9) and using eqn (18) together with
the boundary condition k = 0 at () = 1[/2, we find
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k = ['7(l-sin OW~ (30)

(29)

For kB~ 2 reverse plastic yielding occurs in region D-E. Equation (9) is valid for the
elastically unloading part B-D and eqn (18) yields

k = [ki-'7(sin O-sin OB)]I/2 in B-D. (31)

For the plastically deforming part D-E we have to use eqn (10) together with the equilibrium
equation. eqn (18). to derive the k-O relationship. This requires. in general, numerical
integration: however. for a perfectly plastic material (N = 0) a closed-form solution can
be obtained and this is given in the following. For N =0 eqn (10) reduces to

Integrating eqn (18) and using the boundary condition k = 0 at 0 = rt/2 (point E) we find
that

Finully in region E·F

kR[kR'1(I-sin Own
k = ---~--- --- in D-E.

2J2+[ko'1(I-sin 0)]1/2
(32)

and eqn (18) together with the bound.try condition k = 0 at 0 = rt/2 (points E and F) give

k = ['7(1-sin 0)] 1/2 in E-F. (33)

The curvature of point 8 and the location of point D are found by matching the solutions
obtained for regions 8-D and D -E at point D. Using eqns (31) and (32) and condition
k = ko = kR - 2, 0 = 00 at D we find

and

(34)

We also mention that the profile of the deforming adherend at ste.tdy state can be
detcrmincd in a way similar to that discussed in S\..'Ction 4 using eqns (28) and (30)-(33).

5.2. Ellergy balallce
An cnergy balance is oftcn used to relate the experimentally determined peel force to

the specific fracture encrgy (8ikcrman. 1968: Kendall. 1975). During clastic peeling. part of
thc work done by the peel force is stored in the elastically deforming system and the rest is
used to provide thc work required to break the interfacial bonding and create the new
fracture surface. Therefore, in a steady state elastic peeling the energy balance can be written
as
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F d/ = dwe +yw d/
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where F is the total peel force, d we is the change of the elastic strain energy of the system,
w is the width of the adherend, d/ is a virtual crack advance, and y is the fracture energy
which can be interpreted as the atomic bonding energy times the number of atomic bonds
per unit area. During the steady state elastic peeling the peel bend remains constant in
shape and therefore. the change of the elastic strain energy d we is due to the extension of
the adherend alone. In most cases the quantity d we is small and for an inextensible adherend
is exactly zero; therefore, the last equation can be written as

y=P (35)

where P = F/w is the peel force per unit width of the adherend. Equation (35) shows that,
for elastic peeling. the peel force is a direct measure of the interfacial fracture energy. We
mention that the assumptions made in deriving eqn (35) are consistent with the assumptions
stated in Section 4.1 where bending was assumed to be the predominant mode of defor­
mation.

Using the J-integral (Eshelby. 1956; Rice. 1968a) we can relate the peel force to the
atomic bonding stresses in the near crack tip region. The J-integral is defined as

where r is a path in the undeformed configuration from the bottom surface of the crack
through material to the upper surface of the crack. X is the position of a material point in
the undeformed conligumtion, u is displacement. T = n' to where n is the outw'lrd unit
normal to the integration path and to is the nominal (first Piola-KirchholT) stress tensor,
ds is an clement of path length. and W is the strain energy density per unit reference
(undeformed) volume. For an clastic material which is homogeneous in the Xl direction J
is path independent (Rice (196Mb). p. 210). For a 90" peel test. if we take r along the
boundary of the s(X.'Cimen, J becomes

where we take into account that, far from the tip, the stress tensor is approltimately equal
to zero on the part of the adherend that is attached to the substrate, and that at the point
of <lpplication of the load II~ ~ XI' In the above equation E is the Young's modulus of the
adherend. For thin metallic films of thickness of the order of 100 Jlm eltperiments show
that P ~ 10~-10} N m -I (Kim and Kim, 1987). which makes the ratio P/(2Et) of the order
of 10 -4; therefore. the last equation can be written as

J r•r ~ P.

On the other hand. if we take r just around the crack tip

where c51 and c5. are the crack tip opening and shearing displacements, abo and fbo are the
normal and shear interfacial bonding stresses. and abo and fbI are average bonding stresses.
Since J is path independent. the last two equations show that
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P ~ a=",b l + ibsb,. (36)

If plastic deformation takes place, the above energy balance is not valid and we have
to take into account plastic dissipation as well as the residual elastic strain energy that
remains in the adherend after the unloading of the material elements. Plastic dissipation is
taking place near the crack tip, where singular strains develop, as well as along the plastically
deforming adherend where bending is the predominant mode of deformation. Assuming
again that the change of the elastic strain energy d W" due to the extension of the adherend
is small we can write the energy balance as

F d/ = yw d/+dWl' +dW'"

where WI' is the plastic dissipation, and W'" is the residual strain energy. The above equation
can be written as

where

y= P-r/J

I (dWI' dW'")r/J = -- ----- + ---
w d/ d/

(37)

is the work expenditure per unit width of the adherend per unit advance of the interfacial
crack. Equation (37) makes it clear that the experimental determination of the peel force
is not enough for the calculation of the interfacial fracture energy: one needs, in addition, to
be able to calculate the work expenditure r/J during e1astoplastic peeling. A very approximate
method for the calculation of WI' was presented by Chang et at. (1972) who considered the
energy balance ofend loaded cantilever beams. The importance of the residual strain energy
during e1astoplastic peeling has been recently emphasized by Atkins and Mai (1986). A
systematic way for the calculation of r/J is presented in the following.

In our calculations we assume that the substrate deforms elastically. Plastic dissipation
takes place in the near crack tip region of the adherend as well as along the bending part
ofit. However, the finite element results presented in Section 3 for the case of the stationary
interfacial crack show that the effects of the singular stress and strain fields are limited to
a very small region near the crack tip and that bending is the predominant deformation
mode in the adherend. Therefore, we consider the contribution of the near tip plasticity to
be part of the fracture energy y and use the moment-curvature relation to calculate the
plastic dissipation in the adherend.

In the following we obtain a closed-form solution for the work expenditure r/J for an
elastic-perfectly plastic material (N =0). As for the case of the stationary crack, we ignore
the effects of the axial and shear forces and usc eqns (7)-( II) to describe the moment­
curvature relations. The work expenditure r/J is given by

r/J = rM(K) dK = MoK. rm(k) dk = 3P rm(k) dk
JL JL q JL

where L indicates the path O-A-B-C-D-E-F in the moment-eurvature diagram shown in
Fig. 14. Using the last equation and eqns (7)-( II) to describe the moment-curvature
relations we find that
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t/I = 0 for ko ~ I (38)

(39)

and

(40)

The key f.lctor th.lt determines the work expenditure is the maximum curvature k 8 •

Once kR is known the .lre.t under the moment-curvature curve and hence the work expen­
diture can be obtained. The maximum curvature ko is defined by eqn (29) or eqn (34)
depending on whether reverse plasticity occurs. The magnitude of ko is a function of the
bf.lsc angle 00 which in turn depends on the properties of the adhercnd and the substrate as
well as on the strength of the interface. The normalized work expenditure t/I/P and the
normalized fracture energy "lIP are plotted in Fig. I5 as functions of the normalized load
1f for dilTerent values of the base angle 00 , Figure IS shows that there is a strong dependence
of the work expenditure t/I on 00 ,

Using numerical integration we can obtain the solution for a strain hardening material
in a similar way.

We also mention that different possibilities of cohesive and interfacial fracture exist
(Fig. 16). Clearly. for the case of cohesive fracture, the fracture energy }'. calculated using
eqn (35) or eqn (37) and the experimentally measured peel force P, corresponds to the
fracture energy of either the adherend or the substrate and provides only a lower bound to
the fracture energy of the interface.

6. DISCUSSION AND CLOSURE

A detailed analysis of the mt.'Chanics of the peel test has been presented in this paper.
The results of the analysis show that for

Cohesive Oebondinq Inlerfacial Oebonding

Fig. 16. Different possibilities ofcohesive and interfacial fracture.
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6EP I,,= -,- ~ .
tIat I - Sin Os

(41)

the adherend deforms elastically and the peel force P is a direct measure of the fracture
energy (

y = P.

However. when condition (41) is violated plastic deformation takes place and the peel force
includes the force required to deform the adherend plastically as wen as the decohesive
force of the interface. In this case

y= P-r/J

and the work expenditure r/J is given by

where the relation 3P/" = t1~t/(2E) has been used. the function f(k n) is given by eqns (38)­
(40) for different values of k ll • and kll(f/. On) is given by eqn (29) or eqn (34) depending on
whether reverse pll.lsticity occurs. The results plotted in Fig. 15 show that. when the
dimensionless load" = 6EP/(tI~t) is large. the specific fracture energy y is only a small
fraction of the pl.'C1 force P. and that P is mainly a measure of the pl.lstic deformation of
the adherend rather than a measure of the adhesion strength.

Figure 15 also shows a strong dependence of the work expenditure r/J on the base angle
0Il' In the finite element c,llculationspresented in Section 4 the calculated value of 00 is very
small; this is simply a consequence of the assumption that the substrate always behaves
elastically. However. in actual situations the substrate yields as well and the local stiffness
of the substrate is of the same order as that of the adherend. thus resulting in larger values
of011' For a given adhesion strength. 011 depends in general on the properties of the substrate
as well as on the properties and thickness of the adherend. Several models of beams on
elastic foundations have been proposed in the literature for the determination of 0Il'

The elementary plane strain beam bending theory used in this paper is a good approxi­
mation provided the minimum radius of curvature is not less than four to five times the
thickness of the beam (Hill (1950). p. 287). This condition is usually violated if the adherend
thickness is very small and the adhesion is very strong; in such cases a more refined beam
bending theory should be used (Hill. 1950).

We also mention that the effects of the axi'll and shear forces in the adherend have not
been taken into account in our analysis. These elfects can become important in polymer
pl.'Cling bi.-cause of the low values of the eh.lstic moduli. For further progress towards a more
complete understanding of the mechanics of the peel test. it is necessary that these effects
be analyzed in detail and that better models for the determination ofOB should be developed.
Such work is now underway.
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